We demonstrate that the linewidth of the field emission resonance (FER) observed on the surface of MoS2 using scanning tunneling microscopy can vary by up to one order of magnitude with an increase in the electric field. This unusual phenomenon originates from quantum trapping, where the electron relaxed from the resonant electron in the FER is momentarily trapped in the potential well on the MoS2 surface due to the wave nature. Because the relaxed electron and the resonant electron have the same spin and the action of the Pauli exclusion principle, the lifetimes of the resonant electrons can be substantially prolonged when the relaxed electrons engage in the resonance trapping. The linewidth of the FER is thus shrunk considerably to as narrow as 12 meV. Moreover, it was found that the valley intensities around the FER are zero, indicating that MoS2 has an energy gap above the vacuum level. By using the energies of FERs, the potential of the band bending in the MoS2 interior can be measured precisely.
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In quantum mechanics, two cases are considered in the model of a square potential well. They are quantum confinement and quantum scattering. In reality, these two cases can be observed in metallic films whose electronic structures have the free-electron property [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Herein, we report a third case called quantum trapping, where the particle is in the well but has energy higher than the well depth. In this case, the particle can be trapped in the well temporarily; however, it can eventually escape from the well because of wave function dissipation. The mean duration for which the well traps the particle varies with the well size in oscillation. We demonstrate that quantum trapping can be experimentally revealed through the linewidth of the field emission resonance (FER) [11, 12] observed on the surface of bulk MoS2 using scanning tunneling microscopy (STM). We discovered that the linewidth oscillates with the electric field of generating FER. Because the inverse of the linewidth can reflect the mean lifetime of resonant electrons that remain in the FER, we suggest that the oscillatory trapping duration is manifested by this variation of the lifetime. The relationship between them is established by following mechanisms. (1) The lifetime of a resonant electron terminates at the occurrence of electron relaxation via light emission [13, 14] . (2) Because of the inhomogeneous electric field resulting from the curvature of the STM tip, the relaxed electron has lateral kinetic energy [15] and a local potential well forms beneath the tip on the MoS2 surface. Due to quantum trapping, the potential well temporarily traps the relaxed electron. (3) Both the relaxed electron and the resonant electron have the same spin. According to Pauli exclusion principle, the resonant electron cannot emit light while the relaxed electron remains trapped in the well.
Although FERs originate from the quantized states in a vacuum [16] , they can contain the information associated with physical properties of the surface and the STM tip. For example, FER energies can reveal the local work function of the surface [17] [18] [19] [20] [21] [22] [23] . FER intensities can reflect the local electron transmissivity of the reconstructed 3 surface [24] . The zero valley intensities appearing around the FER may indicate that the observed material has a band gap above the vacuum level [24] . The number of FERs can manifest the sharpness [25, 26] and field enhancement factor [27] of an STM tip.
Previous studies have demonstrated that the FER can be used to investigate the atomic structure of the insulator [28] , plasmon-assisted electron tunneling [29] , and the dynamics [15, 30] and lateral quantization [31, 32] of surface electrons above the vacuum level. In this study, we focus on the linewidth of the FER, which has seldom been investigated. The inverse of the linewidth can be interpreted as the lifetime of the electron staying in the FER state referring to a similar interpretation for quantum well states in metallic films [4] .
Figure 1(a) shows a differential Z-V spectrum with five FER peaks observed on a MoS2 surface whose topographic image is displayed in the inset. The numbers represent the orders of FER peaks. A previous study noted that the potential of the zeroth-order peak is the superposition of the image potential and the external potential, whereas that of high-order peaks is simply the external potential [17] . Thus, the high-order numbers are also the quantum numbers of quantized states in the external potential. The dashed line in Fig. 1(a) indicates the zero spectral intensity. The intensities of valleys (marked by arrows) around the peak of FER 2 are exactly zero, implying that MoS2 has a band gap above the vacuum level and the energy of FER 2 is in this band gap [24] . Our recent study explained that a larger number of FERs results from a sharper STM tip [25, 26] . Figure 1 (b) also shows that the high-order peaks in the spectrum with three FERs are all much narrower than those in the spectra with four and six FERs. This phenomenon inspired us to explore the physics behind the linewidth of the high-order If an FER is a result of the quantized state in the triangular potential, its energy En obeys:
where Evac is the vacuum level, F is the electric field, n=1, 2, 3…, is the quantum number, and α=(ħ 2 /2m) 1/3 (3πe/2) 2/3 . Figure 2 MoS2 is a dielectric material with a dielectric constant of 3.7 [33] , the electric field can penetrate its surface to cause band bending in the interior [34] . Thus, the electric potential along the surface normal is Vb+Fz, where Vb is the potential of band bending and z is the distance from surface. The electric potential below the classical turning point in the lateral direction can expressed as [15] ( , ) = The penetration of the electric field can induce the positive polarization charge on the MoS2 surface. By using equation (2), the density distribution of the polarization charge can be calculated (see Supplemental Material [41] ). An electron on the surface under an STM tip is repelled by the electric field in vacuum but is also simultaneously attracted by the polarization charge. Consequently, the electric potential on the surface is the superposition of UL(ρ,0) and the potential Up(ρ) due to the polarization charge.
Because UL and Up are both zero when ρ is infinite, whether the electron faces a potential well can be judged from the sign of the resultant potential Ur at the o point, that is, UL(0,0)+Up(0) (see Supplemental Material [41] ). Figure 2 (e) shows Ur versus ρ0 under electric fields obtained from Fig. 2(a) . The results indicate that Ur is negative for ρ0 higher than 18 Å. ρ0 is generally related to the tip base with a radius of tens of nanometers; therefore, it is plausible that ρ0 is higher than 18 Å. Accordingly, Ur is negative, and a potential well exists.
Because the resonant electrons are hot electrons, the lateral kinetic energy E of relaxed electrons is higher than the vacuum level of MoS2, indicating that relaxed electrons have energy higher than the well depth. Therefore, the situation differs from the case of quantum confinement. One can expect that relaxed electrons are trapped to move back and forth in the well because of the formation of standing waves in the radial direction. However, these standing waves would be dissipated because the wave 
, where γ is a constant. The exponential term can satisfy no standing wave for E >> V0 because E can be considered infinite under this condition. Thus, the probability in the well is
When E=0 and 0<2kL<π, sin2kL is positive, and thus P1>1 and P2<1. Because the probability should not be higher than 1, the wave function is ψ2(x) in this case. Similarly, the wave function is ψ1(x) when E=0 and π <2kL< 2π.
The results in Fig. 2 (e) indicate that V0 and β can increase with F. Moreover, the area with the polarization charge is larger under a stronger electric field. Hence, L is wider when F is higher. Consequently, the well size 2LV0 can be tuned by F. Based on equation (2), the electrostatic force in the radial direction enhances with F, causing E 8 to also increase with F. Therefore, it is plausible to calculate the probability under the conditions that E/V0 is a constant independent of F and E is replaced with βL. By combining equations (3) and (4), the probability P(1) that the relaxed electron exists in the well after the first cycle can be expressed as
Therefore, the probability of leaving the well is 1-P(1), which can be viewed as the decay rate R of the probability. Accordingly, the probability that a relaxed electron stays in the well for m cycles P(m) is (1-R) m . Subsequently, the probability that the relaxed electron has remained in the well for (m-1) cycles but leaves the well at the m th cycle is
P(m-1)-P(m).
Thus, the average number of cycles � of all relaxed electrons is
where mmax is the maximum number of cycles and depends on the number N of all relaxed electrons when observing the FER.
Equation (5) indicates that P(1) is dependent only on βL; this enables us to show the decay rate versus βL. Figure 3 (b) demonstrate that the decay rate varies with βL in oscillation and the local minimum appears when 2kL equals integral multiples of π. The inset in Fig. 3(b) shows mmax as a function of the decay rate, revealing that mmax increases with a decrease in the decay rate. We use the results in Fig. 3 (b) and equation (6) to calculate the average number of cycles � versus βL. 
STM measurements
A synthesis bulk Nb-doped MoS2 sample (2D Semiconductor) was cleaved in air using an adhesive tape and then transferred into an ultrahigh vacuum STM operated at 78 K.
FERs were observed by using the PtIr tip to perform Z-V spectroscopy under a current of 10 pA. Differentiation of the Z-V spectrum was executed using a numerical method to reveal FERs.
DFT calculations
The electronic structures were calculated using the projector augmented wave (PAW) 
where εr is the dielectric constant of MoS2. Figure S1 shows the calculated density distribution of the polarization charge, displaying that the density is highest at the center and decreases with ρ. surface by the electric field in the STM junction. We note here that the calculated charge density of the surface MoS2 layer is of the same order of magnitude as the maximum charge density estimated in Figure S1 . 
